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graph coherent states
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We present the construction of a new family of coherent states for quantum theories of
connections obtained following the polymer quantization. The realization of these coherent
states is based on the notion of graph change, in particular the one induced by the quantum
dynamics in Yang-Mills and gravity quantum theories. Using a Fock-like canonical struc-
ture that we introduce, we derive the new coherent states that we call the graph coherent
states. These states take the form of an infinite superposition of basis network states with
different graphs. We further discuss the properties of such states and certain extensions of
the proposed construction.
I. INTRODUCTION
The polymer quantization is a quantization procedure developed in the context of background inde-
pendent approaches to quantum field theories. The idea of background independence arises from classical
theories of gravity, where it is understood that gravity is geometry encoded in a metric. Carrying this no-
tion to the quantum realm requires giving up the standard Fock quantization, and reformulating theories
in terms of variables (holonomies) which do not rely on any specific background geometry. The polymer
quantization was first developed for gravity and gauge theories [1–3], which eventually gave rise to the
loop quantum gravity approach [4–8]. The loop quantum gravity program provides a framework where
gravity and the fields of the Standard Model are quantized in a background independent fashion. The
appellation polymer quantization comes from the fact that the basic quantum excitations of gravity and
gauge fields manifest as one dimensional excitations, that is polymer-like excitations.
In the Hamiltonian formulation of background independent theories, the dynamics is encoded in con-
straints. In this context, the polymer quantization is a canonical quantization where the constraints must
be implemented and solved in the quantum theory. Difficulties arise however, in the implementation
and solving of the so called quantum scalar or Hamiltonian constraint. Beside the ambiguities that are
encountered in the implementation, the usual difficulty in solving a quantum Hamiltonian constraint is
related to the complexity of the action of the Hamiltonian operator on the kinematical Hilbert space.
In fact, in case of gravity and gauge theories, the full kernel of the Hamiltonian operator, which would
eventually form the physical Hilbert space, is yet unknown. This translates into several obstacles in the
investigation and understanding of the quantum dynamics as well as the extraction of physical predictions
from the theory. In such situation, it seems that other methods such as approximation schemes, gauge
fixing [9, 10] or deparametrization [11–16], provide more manageable frameworks, though not complete,
where certain quantum gravity aspects can be studied.
There are several approximation schemes that one could rely on. Namely, perturbative methods
[17], semi-classical analysis [18], coherent states [19–26], effective dynamics for restricted sectors [27], or
controlled truncations of the quantum degrees of freedom [28–30]. Each of these approaches contributed
significantly in improving the understanding of the dynamics and the symmetric sectors in polymer
quantum theories. Deparametrization on the other hand allows to fully quantize a sector of the classical
phase space and obtain a quantum theory with a physical Hilbert space and a physical Hamiltonian. The
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2physical Hamiltonian operator generates evolution with respect to a matter clock, and the question of
solving the constraint equation is entirely avoided. Nevertheless it remains that any physical prediction
in a deparametrized theory relies on the choice of interesting physical states. In the case where the
Hamiltonian operator is graph changing1, one would need states whose whatever desired properties do
not get spoiled by the graph changing character of the Hamiltonian. It is within these perspectives that
the work exposed in the present article has been developed. The subject of this article is the introduction
of new coherent states for polymer quantum theories of connections with compact internal gauge group,
which include gravity and Yang-Mills fields. We call these new states graph coherent states, as they
exhibit a certain compatibility with a particular graph change, and they take the form of a superposition
of basis states with different graphs.
The organization of the article is as follows: in the second section we present some preliminaries
concerning polymer quantum theories of connections and the dynamics of gravity and Yang-Mills theories.
Then in the third section we develop our construction of graph coherent states. We start with the general
setup, then we detail the construction in the simplest example of Maxwell theory, and later we present
the full and general construction. In the fourth section we discuss certain aspects of the construction and
possible generalizations and interpretations. Finally we conclude with a summary and some outlooks.
II. PRELIMINARIES
A. Kinematics of quantum theories of connections
The polymer canonical quantization [3–8] of a connection theory in four spacetime dimensions with a
compact gauge group G leads to a kinematical Hilbert space
H := L2(AG, dµAL,G) , (1)
that is the space of square integrable functions on the configuration space AG of G connections with the
Ashtekar-Lewandowski measure µAL,G [31]. The space H is isomorphic to the completion of the space of
cylindrical functions, on the space of G connections AG, with respect to the inner product defined by the
Ashtekar-Lewandowski measure [5].
The space H admits a basis whose elements we call G-colored networks (the spin networks in the case
of gravity). A G-colored network function is a function labeled by a (cylindrical equivalence class of an
oriented embedded) graph Γ, a set of irreducible representations of the group G (excluding the trivial
representations) assigned to the edges of Γ, and a set of G tensors assigned to the vertices. The space H
can be then decomposed as an orthogonal sum
H =
⊕
Γ
HΓ , (2)
where Γ ranges over all cylindrical equivalence classes of non oriented graphs [5], and HΓ is the Hilbert
space spanned by the G-colored networks with graph Γ.
As we mentioned in the introduction, since the quantization is background independent, the canon-
ical dynamics of the theory is encoded in constraints. In the context of connection theories there are
three constraints: the Gauss constraint imposing invariance with respect to the local gauge group trans-
formations, the vector or spatial diffeomorphism constraint imposing invariance with respect to spatial
diffeomorphisms, and the Hamiltonian constraint generating time gauge transformations. The first two
are implemented and solved in the quantum theory through group averaging procedures [3], while the
later can be implemented as an operator, but the quantum constraint equation it defines is difficult to
1 For readers unfamiliar with the concept, it is explained in section III
3solve due to the complicated action of the Hamiltonian operator on a G-colored network function. In the
context of Yang-Mills and Einstein gravity theories, an aspect of this action is the graph change, that
is, given a G-colored network function, the Hamiltonian operator maps this state to a superposition of
G-colored network functions with different graphs. In the following, we expose the details of the Hamilto-
nian operators in Yang-Mills and Einstein gravity theories, and we focus on a specific proposal [32] which
induces a particular graph change. This particular graph change is the one we use in the construction of
the graph coherent states in section III.
B. The quantum dynamics of Yang-Mills and Einstein gravity theories
In the case of Yang-Mills coupled to Einstein gravity theories, the Hamiltonian constraint H takes the
form [33]
H(N) :=
∫
Σ
d3x N
[
s
2kβ2
(
ǫijkE
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+
(
1− sβ2)√qR
)
+
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i +B
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i B
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i
)]
, (3)
where Σ is the space-like hypersurface, N is the lapse function, s is the spacetime signature, κ = 8πGN
with GN being Newton’s constant, β is the Immirzi-Barbero parameter, E is the gravitational densitized
triad conjugate to the Ashtekar-Barbero SU(2) connection A, F is the curvature of A, q is the determinant
of the three metric qab on Σ, g is the coupling constant of the Yang-Mills field, E is the electric field
conjugate to the Yang-Mills vector potential A, and Bai =
1
2ǫ
abcF ibc with F being the curvature of A.
The quantization of the Hamiltonian functional (3) can be performed following a regularization pro-
cedure. There are couple of established regularizations of the Hamiltonian functional [32–37], one of the
main differences between them is the regularization of the curvatures of the connections of gravity and
Yang-Mills fields. In this work, we consider the regularization proposed in [32, 37], where the holonomy
replacing the curvature of the connection is taken along a closed oriented loop at a vertex of a preexisting
graph, which does not overlap with any edge of that graph. We call such loop a special loop. However,
for the purposes of the construction of the new states we are presenting here, we modify slightly that
regularization. More precisely, in order to attach the loop in a diffeomorphism invariant fashion, one uses
a prescription which associates a special loop to each pair of edges [32, 37]. We modify this prescription
in the way that if two edges eI and eJ belong to the same germ [eI ] at a vertex v, then given a third
independent edge eK , the special loops associated to the pairs (eIeK) and (eJeK) are diffeomorphically
equivalent. This in particular implies a change in the tangentiality conditions proposed in [32, 37], the
new condition we choose simply states that a special loop αIJ associated to a pair (eIeJ) at a vertex v is
tangent to the two edges eI and eJ up to the first order only. The end point of this modification is that
the new prescription guarantees that the special loops with the same orientation, and associated to pairs
of edges which belong to the same pair of germs, are all diffeomorphically equivalent.
The Hamiltonian operator of [32] is defined not on the kinematical Hilbert space H := HG ⊗HM, HG
and HM being the kinematical Hilbert spaces of gravity and Yang-Mills field respectively (each defined
as in (1)), but on the vertex Hilbert space [38]. The vertex Hilbert space Hvtx is the Hilbert space of
partial solutions to the vector constraints. Namely, given two sub-spaces HΓG ⊂ HG and HΓM ⊂ HM
obtained from the decomposition (2), the elements of Hvtx are obtained by averaging the elements of each
of the sub-spaces HΓG and HΓM with respect to all smooth diffeomorphisms which act trivially in the set
of vertices Vert(Γ) of the graph Γ. The scalar product is naturally induced from the space H through a
rigging map [38]. The vertex Hilbert space also decomposes into a tensor product of a gravity and matter
Hilbert spaces
Hvtx = HvtxG ⊗HvtxM =
⊕
[Γ],[Γ]
H[Γ]G ⊗H[Γ]M , (4)
4where now [Γ] and [Γ] stand for the equivalence classes of graphs defined with respect to the action of all
smooth diffeomorphisms which act trivially in the sets of vertices Vert(Γ) and Vert(Γ) respectively. In
what follows we drop the brackets in the notation of those classes.
The final expression of the Hamiltonian operator corresponding to the functional (3) is given through
its action on a network function Ψ = ψ
Γ
G ⊗ ψΓM ∈ HΓG ⊗HΓM as
Hˆ(N)Ψ =

∑
v∈Γ
v∈Γ
N(v)Hˆ
v
G +N(v)Hˆ
v
M

ψΓG ⊗ ψΓM , (5)
where
HˆvG := Rˆ(P ) +QG(v)
∑
I,J,K
ǫIJK
(
Tr
(l)
N
[
hαIJhsK [h
−1
sK
, Vˆ (P )]
]
+Tr
(l)
N
[
hαIJhsK [h
−1
sK
, Vˆ (P )]
]†)
, (6)
and
HˆvM :=
1
2g2
∑
I,J
ΘˆIΘˆJ (Pi,IPi,J +QM(v)Xk,IXk,J) , (7)
with
Xk,I :=
∑
K,L
ǫIKL
(
Tr
(l)
N
[
τkhαKL
]
+Tr
(l)
N
[
τkhαKL
]†)
. (8)
The capital indices in the (ordered) sums run through all the edges meeting at the vertices v and v, and
TrN stands for the normalized trace (TrN [τ
iτ j] = δij). Rˆ(P ) and Vˆ (P ) are the curvature [36] and volume
[39] operators respectively and they both depend only on the gravity fluxes P . ΘˆI are gravitational
operators [33] acting exclusively on the space HvtxG . h and h are respectively gravity and Yang-Mills
holonomy operators chosen in fixed representations2 labeled by l and l. P are the Yang-Mills fluxes,
QG(v) and QM(v) are determined factors which partially depend on the valence of the vertices, and
finally ǫIJK = sgn(det[e˙I , e˙J , e˙K ]) where e˙ stands for the tangent vector of the edge e at the vertex v. In
(6) and (8), we imposed a choice of ordering of the basic operators, and a choice of symmetrization of the
summed terms using the adjoint operators denoted by †, it is the adjoint action on the space HΓAv , and it
is not to be confused with the adjoint element in the group.
Due to the presence of the holonomy operators hα and hα, the operators Hˆ
v
G and Hˆ
v
M are graph
changing. Meaning they map the graphs they act on to other graphs with a different distribution of
special loops at the vertices. Schematically, their successive action on a given vertex v of a graph Γ gives
−→ + + + + . . . . (9)
Thanks to the fact that special loops associated to the same pair of germs are diffeomorphically equivalent,
the special loops depicted on the fourth diagram on the right hand-side of (9) are indistinguishable. They
are indistinguishable in the sense that no physical observable could distinguish between special loops
associated to the same pair of germs. This is a key property that we use in our construction of the graph
coherent states.
2 Since the construction of the Hamiltonian operator and its properties, as well as the construction of the coherent states
we are presenting here do not depend on the specific choice of the representations of those holonomies, the representations
are left arbitrary and are only assumed to be fixed.
5III. GRAPH COHERENT STATES IN QUANTUM THEORIES OF CONNECTIONS
In this section we will present a method to construct a family of coherent states in a generic Hilbert
space Hvtx of a polymer quantum theory of connections with arbitrary compact gauge group G (e.g. HvtxG
or HvtxM ). These coherent states are constructed such that they take the form of a superposition of G-
colored networks with different graphs. Though inspired from a particular dynamics, the construction is
purely kinematical in the sense that it is realized on the Hilbert space Hvtx independently of the dynamics
of the theory, and in principle it can be applied with a different graph change as we discuss briefly in
section IV.
Our construction is based on the observation that the action of the Hamiltonian, using the special
loop regularization mentioned above, provides a decomposition of the Hilbert space Hvtx into separable
subspaces, which are stable under the action of the Hamiltonian operator (5). As we will see in detail
later, the separability of these subspaces induces an isomorphism between each of these subspaces and the
Hilbert space of a given finite number of quantum harmonic oscillators. This isomorphism is a crucial step
in order to obtain the canonical structure that we use to construct the graph coherent states. Given one of
these stable subspaces, one takes the colored graph3 of a single arbitrary element of the G-colored network
basis spanning this space, and by removing all the special loops in this colored graph, one obtains what
we call the ancestor graph. It then follows that the colored graphs of all the elements of the G-colored
network basis in this space can be generated by attaching special loops at the vertices of the ancestor
graph. Hence one can label the stable subspaces by the associated ancestor graphs {ΓA}, i.e. colored
graphs with no special loops, and we denote them HΓA . We then have
Hvtx =
⊕
ΓA
HΓA . (10)
Furthermore, considering the local nature of the attachment of the special loops, i.e. it concerns each
vertex of the graph separately, one can focus the analysis on a single vertex of a given ancestor graph,
the generalization to the full graph is then straightforward. In other words, once an ancestor graph ΓA is
fixed, the only degrees of freedom left are the numbers of loops associated to the pairs of germs at each
vertex, and the G tensors at the vertices. Hence we can write
HΓA ∼=
⊗
v∈ΓA
HΓAv , (11)
meaning that the space HΓA for a given ΓA is isomorphic to the tensor product of spaces HΓAv each
associated to a vertex v of ΓA. The spaces HΓAv are constructed as follows. Given an ancestor graph ΓA,
each pair of germs ([eI ], [eJ ]) meeting at a vertex v of Γ
A defines two oriented wedges ωvIJ and ω
v
JI . The
graph of any colored network in HΓA is given by the ancestor graph ΓA and a number of special loops
associated to the oriented wedges of ΓA. The special loops are oriented following the orientation of the
oriented wedges they are associated to [32, 37]. Note, however, that depending on the gauge group G,
the chosen operator to induce the graph change, and the graph ΓA, the states in HΓA which differ by the
orientation of a special loop may span the same subspaces of HΓA , either because of a specific relation
between the operators creating the special loops with opposite orientations, or because of the symmetries
of the graph ΓA. For instance, in Maxwell theory and in absence of symmetries of the graph, one can
add special loops at a wedge ωvIJ by acting with the operator Tr
(l)
N
[
τkhαIJ
]
, present in the Hamiltonian
operator (7). Because the gauge group is U(1), we have that
Tr
(l)
N
[
τkhαIJ
]
= h(l)αIJ , (12)
3 Definition: a colored graph is a graph with irreducible representations assigned to its edges.
6and since h
(l)
αJI = (h
(l)
αIJ )
−1, we conclude that the operators Tr
(l)
N
[
τkhαIJ
]
and Tr
(l)
N
[
τkhαJI
]
are linearly
independent. Hence the oriented wedges ωvIJ and ω
v
JI are not equivalent, and each pair of germs provides
two independent oriented wedges.
As we explain in section IIIB, if the gauge group is SU(2) and we choose the operator Tr
(l)
N
[
τkhα
]
to induce the graph change, then each pair of germs defines two equivalent oriented wedges from the
perspective of special loops. In this case, it is enough to pick one orientation for the special loops and
drop the second one. When it is present, this freedom in the choice of the independent wedge, associated
to a pair of germs, is absorbed into the freedom of choosing a canonical structure associated to the pair
of germs, we particularly illustrate this fact in the example of (47).
We denote the set of all independent oriented wedges (which from now on we call simply wedges) at
a vertex v by Wv and its cardinality wv. To each vertex v we associate the spaces {SΓAv,n}n∈N, such that
each SΓAv,n is the space of states which describe the distribution of n special loops at v, i.e. the association
of n special loops to the different wedges of ΓA at v. Each space SΓAv,n is spanned by an orthonormal basis
whose elements are labeled by wv integers, which sum up to the total number n and correspond to the
numbers of special loops associated to the wedges of ΓA at v. Then to each space SΓAv,n is associated a
space IΓAv,n of admissible G tensors, those are the G tensors which couple the holonomies meeting at the
vertex v. Finally, we define the space HΓAv as
HΓAv :=
∞⊕
n=0
HΓAv,n :=
∞⊕
n=0
SΓAv,n ⊗ IΓ
A
v,n . (13)
It is then clear that the isomorphism in (11) holds.
Let us again point out that, thanks to the prescription of special loops in the regularization pro-
cedure, the special loops associated to a wedge of a graph are diffeomorphically equivalent, and hence
indistinguishable from the perspective of physical observables.
For clarity we gradually develop the details of our construction: we first start with the simplest example
of an abelian gauge group, namely Maxwell theory. Then we extend to the general case with arbitrary
compact gauge group.
A. Loop quantum Maxwell theory
In Maxwell theory the internal gauge group is U(1). Having an abelian gauge group implies that the
only degrees of freedom left to characterize the basis states in the Hilbert space HΓA are the numbers of
indistinguishable special loops associated to the wedges of ΓA. Using the decomposition (11), one then
has
HΓAv ∼=
∞⊕
n=0
SΓAv,n . (14)
Knowing the structure of the spaces SΓAv,n , and using the indistinguishableness property of the special
loops, it naturally follows that the space HΓAv is isomorphic to the space of a multi-dimensional (or a
finite number of) quantum harmonic oscillators, where to each wedge ωi ∈ Wv (i ∈ {1, . . . , wv}) of ΓA at
v is associated a space Fi of a quantum harmonic oscillator,
HΓAv ∼=
wv⊗
i=1
Fi . (15)
In this picture, a wedge with a certain number of special loops corresponds to an energy level for a single
quantum harmonic oscillator.
7Given the spaces Fi, we introduce a canonical structure on them through annihilation and creation
operators {ai, a†i} satisfying
∀ ωi, ωj ∈ Wv, [ai, aj ] = [a†i , a†j ] = 0 , [ai, a†j ] = δijI . (16)
The vacuum state in each Fi is defined as
ai|0i〉 = 0 , (17)
and we take
ai|ni〉 = √ni|ni − 1〉 , a†i |ni〉 =
√
ni + 1|ni + 1〉 . (18)
From the perspective of the Hilbert space HΓAv , the vacuum state in each Fi represents the wedge ωi with
no special loops, and the state |ni〉 represents ωi with n special loops attached to it.
We then define the (normalized) canonical coherent states, i.e. eigenvectors of the annihilation opera-
tors:
∀ ωi ∈ Wv, ai|zi〉 = zi|zi〉 , |zi〉 = ezia
†
i
−z¯iai |0i〉 = e
−|z|2
2
∑
ni
znii√
ni!
|ni〉 , zi ∈ C . (19)
We call a state |zi〉 a graph coherent wedge associated to the wedge ωi. We then introduce the coherent
states {|Zv〉} as
|Zv〉 :=
wv⊗
i=1
|zi〉 , Zv := {zi} ∈ Cwv , (20)
where each state |zi〉 is a graph coherent wedge associated to the wedge ωi. We call the states {|Zv〉}Zv∈Cwv
graph coherent vertices and they form an over-complete basis of the space HΓAv . By extension, through a
tensor product over the vertices of ΓA,
|ZΓA〉 :=
⊗
v∈ΓA
|Zv〉 , ZΓA ∈
⊗
v∈ΓA
C
wv , (21)
one obtains an over-complete basis of graph coherent states {|ZΓA〉} in the space HΓA .
These graph coherent states are by construction coherent with respect to the standard combinations
of sum and difference of the creation and annihilation operators. One could however investigate further
the coherence properties of such states with respect to other operators of interest, namely the operators
involved in the Hamiltonian operator HˆvM (7). We first start by expressing these operators in terms of the
annihilation and creation operators associated to the wedges of the ancestor graph at a vertex v. Simple
calculations lead to the following identifications
PI = jI I , (22)
Tr
(l)
N [τhαKL ] = h
(l)
αKL
= a†
K˜L˜
VK˜L˜ , (23)
Tr
(l)
N [τhαKL ]
† = [h(l)αKL ]
† = VK˜L˜ aK˜L˜ . (24)
where each index I selects an edge I with color jI at the vertex v of an arbitrary graph Γ with Γ
A as
ancestor graph, and a pair of indices (KL) selects a wedge ωKL of Γ at v. In contrast, the tilded indices
K˜, L˜ label the germs of the ancestor graph ΓA at v, and the identification between K and K˜ holds if
8and only if eK ∈ [e]K˜ . The operator I is the identity operator on the space HΓ
A
v and the operator VK˜L˜ is
defined as
VK˜L˜ := (NK˜L˜ + I)−1/2 = (aK˜L˜a†K˜L˜)
−1/2 , i.e. VK˜L˜ |n〉K˜L˜ =
1√
n+ 1
|n〉K˜L˜ , (25)
where N is the number operator. We remind the reader again that the dagger symbol † in (24) stands for
the adjoint action on the space HΓAv , and it is not to be confused with the adjoint element in the group.
Denoting by Hˆv,IJM the operator
Hˆv,IJM := PIPJ +QM(v)XIXJ , (26)
which is the part of the Yang-Mills Hamiltonian (7) associated to a wedge of the graph Γ at the vertex v,
one obtains the following expression in terms of the new operators
Hˆv,IJM = jIjJI+QM(v)
∑
M˜,N˜,K˜,L˜
ǫI˜M˜N˜ ǫJ˜K˜L˜
(
a†
M˜N˜
VM˜N˜ + VM˜N˜aM˜N˜
)(
a†
K˜L˜
VK˜L˜ + VK˜L˜aK˜L˜
)
, (27)
such that the pair (eIeJ) belongs to the wedge ωI˜J˜ .
Given the correspondence between the multiple operators in the expression of Hˆv,IJM and the canonical
operators, we easily check the coherence properties of the graph coherent states defined in (21). We
explicitly compute the variance of these operators, these are given as follows (for clarity we drop the
indices labeling the vertices and wedges)
〈
(PIPJ)
2
〉− 〈PIPJ〉2 = 〈(Vaa†V)2〉− 〈Vaa†V〉2 = 0 (28)〈
(a†VVa)2〉− 〈a†VVa〉2 = e−|z|2 (1− e−|z|2) (29)
〈
(Va)2〉− 〈Va〉2 = z2e−|z|2

 ∞∑
n=0
|z|2n√
n!(n+ 2)!
− e−|z|2
(
∞∑
n=0
|z|2n√
n!(n+ 1)!
)2 (30)
〈
(a†V)2〉− 〈a†V〉2 = z¯2e−|z|2

 ∞∑
n=0
|z|2n√
n!(n+ 2)!
− e−|z|2
(
∞∑
n=0
|z|2n√
n!(n+ 1)!
)2 , (31)
and we estimate their relative variance ∆r(.) := |
〈
(.)2
〉
/
〈
.
〉2 − 1|, obtaining
∆r(PIPJ) = 0 , ∆r(Vaa†V) = 0 , ∆r(a†VVa) = 1
e|z|
2 − 1 −−−→|z|≫1 0 , (32)
and
∆r(Va) = ∆r(a†V) = 1−
e|z|
2
∞∑
n=0
|z|2n√
n!(n+2)!(
∞∑
n=0
|z|2n√
n!(n+1)!
)2 −−−→|z|≫1 0 . (33)
Additionally, we consider the operator
PI˜ :=
∑
I∈I˜
|PI | , (34)
9where again I˜ stands for a germ of the ancestor graph. This operator could be interpreted as the (absolute)
flux in the direction of the germ I˜. In terms of the canonical operators it becomes
PI˜ =
∑
I∈I˜
jII+ l
∑
K˜
NI˜K˜ +NK˜I˜ , (35)
where I runs through the edges of the ancestor graph belonging to the germ I˜, and K˜ runs through the
germs of the ancestor graph meeting at the same vertex as I˜. The variance and the relative variance are
estimated as 〈
P 2
I˜
〉− 〈PI˜〉2 = l2∑
K˜
∣∣zI˜K˜ ∣∣2 + ∣∣zK˜I˜ ∣∣2 , ∆r(PI˜) −−−−−−−−−→|zI˜K˜ |,|zK˜I˜ |≫1 0 . (36)
The point of considering the operator PI˜ is to show in an example that despite the fact that the canonical
operators are directly linked to specific holonomy operators, one can construct operators depending only
on fluxes and yet recover certain coherence properties with respect to the graph coherent states we
introduced above. The reason why such properties may arise is that an operator such as PI˜ describes a
more global information about a given graph than just a flux operator associated to a single edge. In
the case of PI˜ this global information is captured by the abstract sum over the edges of the same germ,
which translates into the appearance of the number operators in the expression of PI˜ , and thus exhibiting
coherence properties with respect to the graph coherent states. Note that such abstract sums appear in
operators which, for instance, are obtained from the quantization of non local (in space) functionals on
the classical phase space, and they usually approximate the classical integrals over space-like regions. The
Hamiltonian constraint and the volume of a space-like region are examples of such functionals, which are
promoted to operators with abstract sums over the vertices and edges. This fact sets the graph coherent
states as promising states to probe the semi-classical properties of interesting physical observables through
superposition of graphs.
In the following we present the general construction extending to arbitrary compact gauge group.
B. Graph coherent states (II): beyond Abelian gauge groups
The generalization of the above construction to a connection theory with a non abelian compact gauge
group G translates to taking into account the non trivial G tensor spaces at the vertices of a colored
graph. Namely, one has to incorporate the spaces IΓAv,n in the implementation of a canonical structure on
the spaces HΓA ⊂ Hvtx, and consequently in the definition of the graph coherent states.
1. Generalized annihilation and creation operators
Given a vertex v of an ancestor graph ΓA, we consider a set of closed operators {ai}i∈Wv on HΓ
A
v , each
operator associated to a wedge ωi at v, which satisfy
∀i ∈ Wv, ai(HΓAv,0 ) = {0} and ∀n ≥ 1, ai(HΓ
A
v,n) ⊂ HΓ
A
v,n−1 . (37)
In order for the set of operators {ai} and their adjoints {a†i} to form a canonical structure on the Hilbert
space HΓAv , that is
∀i, j ∈ Wv, [ai, aj ] = [a†i , a†j ] = 0 , [ai, aj†] = δijIHΓAv , (38)
one must have a stronger condition than (37), namely
∀i ∈ Wv, ai(HΓAv,0 ) = {0} and ∀n ≥ 1, ai(HΓ
A
v,n) = HΓ
A
v,n−1 . (39)
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This implies that the operators a†i are injective maps on HΓ
A
v and, since the spaces HΓAv,n are of different
dimensions, we have that
∀i ∈ Wv, ∀n ≥ 1, dim
(
Ker[ai] ∩HΓAv,n
)
= dim
(
HΓAv,n
)
− dim
(
HΓAv,n−1
)
6= 0 . (40)
We now provide in what follows a method to obtain such canonical structure. For simplicity, we focus
the analysis on two wedges ω1 and ω2 at v, to each is associated a pair of operators {ai, a†i}i=1,2 satisfying
(39). The construction is straightforwardly extendable to an arbitrary number of wedges at the vertex.
Each space HΓAv,n (13) can be decomposed as
HΓAv,n =
n⊕
n1=0
n−n1⊕
n2=0
HΓAv,n1,n2 . (41)
where n1, n2 are the numbers of loops at the wedge ω1 and ω2 respectively. Denoting the normalized
elements of HΓAv,n1,n2 by |ιαn1,n2〉, ιαn1,n2 ∈ IΓ
A
v,n1+n2 , it follows from (39) that
∀n1, n2 ∈ N, ∀ιαn1,n2 ∈ IΓ
A
v,n1+n2 , ∃! k1 ≤ n1, ∃! k2 ≤ n2 : (42)
ak11 |ιαn1,n2〉 6= 0 , ∀p1 > k1, ap11 |ιαn1,n2〉 = 0 ,
ak22 |ιαn1,n2〉 6= 0 , ∀p2 > k2, ap22 |ιαn1,n2〉 = 0 .
We then denote our states as |ιαn1,n2;m1,m2〉 (m1 ≤ n1 and m2 ≤ n2) in order to encode the property (42),
which is now expressed as
∀n1, n2 ∈ N, ∀m1 ≤ n1, ∀m2 ≤ n2, ∀ιαn1,n2;m1,m2 ∈ IΓ
A
v,n1+n2 : (43)
an1−m11 |ιαn1,n2;m1,m2〉 6= 0 , an1−m1+11 |ιαn1,n2;m1,m2〉 = 0 ,
an2−m22 |ιαn1,n2;m1,m2〉 6= 0 , an2−m2+12 |ιαn1,n2;m1,m2〉 = 0 .
In other words, m1 and m2 denote the number of loops, at the wedges ω1 and ω2 respectively, in the
vacuum state from which the state |ιαn1,n2;m1,m2〉 is obtained. We further discuss the notion of vacuum
states in the part IIIB 2.
We then choose to define the operators {ai, a†i} through their actions on the states |ιαn1,n2;m1,m2〉 as
follows
∀n1, n2 ∈ N, ∀m1 ≤ n1, ∀m2 ≤ n2, ∀ιαn1,n2;m1,m2 ∈ IΓ
A
v,n1+n2 :
a1|ιαn1,n2;m1,m2〉 =
√
n1 −m1 |ιβn1−1,n2;m1,m2〉 , (44a)
a†1|ιαn1,n2;m1,m2〉 =
√
n1 −m1 + 1 |ιγn1+1,n2;m1,m2〉 , (44b)
a2|ιαn1,n2;m1,m2〉 =
√
n2 −m2 |ιδn+1,n2−1;m1,m2〉 , (44c)
a†2|ιαn1,n2;m1,m2〉 =
√
n2 −m2 + 1 |ισn+1,n2+1;m1,m2〉 , (44d)
with chosen ιβn1−1,n2;m1,m2 , ι
δ
n+1,n2−1;m1,m2 ∈ IΓ
A
v,n1+n2−1, and ι
γ
n1+1,n2;m1,m2
, ισn+1,n2+1;m1,m2 ∈ IΓ
A
v,n1+n2+1 .
Equations (44) define the operators {ai, a†i} using a choice of the mappings between the G tensors ι.
These equations guarantee that
∀i ∈ {1, 2}, [ai, ai†] = IHΓAv . (45)
However, the mappings between the G tensors ι defining the actions of a1 and a2 are not independent,
they are constrained by the condition
[a1, a2] = 0 . (46)
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Such consistent mappings exist but the choice is not unique. This means that there is a freedom in
choosing the canonical operators {ai, a†i}, encoded in the choice of the G tensors mapping. Hence one
could adjust their choice of {ai, a†i} to the coherence properties of the induced graph coherent states
that one would like to recover for a preferred set of operators (observables). Since we are particularly
interested in the Hamiltonian operator, an example of such consistent mappings is obtained by choosing
the operators {ai, a†i} as
∀i ∈ {1, 2}, Viai := Tr(l)N
[
τkhαi
]†
, Vi := (aiai†)−1/2 , (47)
similarly to (23). Equations (47) fix the choice of the mappings between G tensors, for which one can
express explicitly the matrix elements in a given basis, and they determine a set of annihilation and
creation operators {ai, a†i} satisfying (38).
Coming back to the remark at the beginning of section III about the equivalent orientations for a pair
of germs: if for instance the gauge group is SU(2) and we choose the operator Tr
(l)
N
[
τkhα
]
to induce the
graph change, we would have that two wedges ωKL and ωLK which have opposite orientation are in fact
equivalent from the perspective of special loops, and the associated annihilation operators would not be
independent. Explicitly, we would choose
VKLaKL := Tr(l)N
[
τkhαKL
]†
, (48)
VLKaLK := Tr(l)N
[
τkhαLK
]†
, (49)
however, for SU(2) we have that
Tr
(l)
N
[
τkhαKL
]†
= −Tr(l)N
[
τkhαLK
]†
. (50)
This means that in this case the two orientations are not independent, because the change of orientation
generates a simple multiplication by a phase. Considering both wedges would induce a redundancy in the
construction of the canonical structure at the vertex. Therefore, only one orientation should be considered
when associating a canonical structure to such pair of germs ([eK ][eL]), and the second orientation would
correspond to a different but not independent choice of canonical structure at the wedge.
Generalizing to an arbitrary number of wedges at the vertex v is straightforward: given any state
|ια{ni};{mi}〉 (i ∈ Wv) in HΓ
A
v , equations (44) become
∀j ∈ Wv, aj |ια{ni};{mi}〉 =
√
nj −mj |ιβ{n1,...,nj−1,...,nwv };{mi}〉 , (51a)
a†j |ια{ni};{mi}〉 =
√
nj −mj + 1 |ιγ{n1,...,nj+1,...,nwv};{mi}〉 , (51b)
with a consistent choice of mappings between the G tensors ι. We call any pair of annihilation and
creation operators {ai, a†i} satisfying (39) and (51) generalized annihilation and creation operators. Also,
a complete set of generalized annihilation and creation operators, that is to each wedge of the vertex v is
associated a pair of generalized annihilation and creation operators, will be called a consistent canonical
structure at v. The example (23) in Maxwell theory presented earlier corresponds to a (gauge invariant)
choice of consistent canonical structure, while the choice in (47) is an example of a (non gauge invariant)
consistent canonical structure in the non Abelian case. Another example is given in section IV.
2. Graph coherent states in non-Abelian theories
As pointed out in (40), given a consistent canonical structure at a vertex v, the kernels of generalized
annihilation operators are separable infinite dimensional Hilbert spaces and they do not coincide, similarly
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to the case of a multi-dimensional harmonic oscillator. However, unlike the harmonic oscillator, due to
the presence of the tensorial structure at the vertices, one does not have a unique vacuum state. Namely,
using the above notation, the solution to the system
∀i ∈ Wv, ai|ια{ni};{mi}〉 = 0 , (52)
is not unique. As a consequence of (44), such states have necessarily {ni} = {mi} and can simply
be denoted |0αv,{mi}〉. By construction the states with no special loops satisfy (52), but also for each
distribution of special loops at a vertex, there exists at least one G tensor such that the corresponding
state satisfies (52). Given a vacuum state at v, one can generate a subspace of HΓAv by successive action of
generalized creation operators, which is isomorphic to the space of a multi-dimensional quantum harmonic
oscillator. To obtain the entire space HΓAv one has to sum all the vector spaces generated from all vacuum
states selected by the chosen canonical structure. We denote the space of these vacuum states Kv({ai}).
Naturally, each choice of consistent canonical structure produces an overcomplete set of coherent
states, the generalized graph coherent vertices. These states {|Zv〉}v∈ΓA are defined as eigenvectors of the
generalized annihilation operators
∀v ∈ ΓA, ∀i ∈ Wv, ai|Zv〉 = zi|Zv〉 , Zv := {zi} ∈ Cwv , (53)
and can be obtained from the vacuum states selected by the canonical structure
∀|Zv〉, ∃! |0αv,{mi}〉 ∈ Kv({ai}) : |Zv〉 =
wv∏
i=1
ezia
†
i−z¯iai |0αv,{mi}〉 . (54)
Hence we denote them as |Zv , {0αv,{mi}}〉. Therefore the generalized graph coherent states are obtained as
|ZΓA , 0ΓA〉 :=
⊗
v∈ΓA
|Zv, {0αv,{mi}}〉 , (55)
they are labeled by a colored ancestor graph ΓA, a set of complex numbers Zv at each vertex of Γ
A, these
are the eigenvalues of the generalized annihilation operators, and a set of selected vacuum states, one at
each vertex.
Taking the example in (47), one finds that, for the generalized graph coherent states obtained with this
choice of canonical structure, the results for the variance and the relative variance computed in Maxwell
case (from (28) to (33)) hold in the non Abelian case, independently of the gauge group G and the choice
of vacuum states.
In the following section we discuss some aspects of the construction and its possible extensions and
ramifications.
IV. DISCUSSION
a. Gauge invariance:
In the general construction we presented in section IIIB, the canonical structure is obtained in the non
gauge invariant Hilbert space Hvtx. Also, in the example given by (47), the generalized annihilation
operators are not gauge invariant, therefore the graph coherent states they induce would not be gauge
invariant. There is however no obstacle in building G gauge invariant coherent states, one has to simply
choose a gauge invariant consistent canonical structure and restrict the G tensors to intertwiners (gauge
invariant tensors). An example of such structure is obtained by defining the generalized annihilation
operators as
∀i ∈ Wv, Viai := Tr(l)N [hαi ]† . (56)
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Such choice provides gauge invariant vacuum states and one can use (54) and (55) to generate the gauge
invariant graph coherent states.
b. Gravity & Yang-Mills:
As we mentioned earlier, the construction is independent of the dynamics of the theory. The graph change
considered is indeed the one dictated by the dynamics of the polymer Yang-Mills as well as Einstein grav-
ity, however the construction does not refer to any dynamics, only a specific graph change. Therefore
the graph coherent states can be obtained in the context of any connection theory with a compact gauge
group quantized following the polymer quantization, such as Yang-Mills and Einstein gravity. However,
since gravity Hamiltonian combines holonomies and fluxes in a non linear fashion (6), we expect that one
has to make a more elaborate choice of consistent canonical structure, other than (47), in order to induce
coherence properties of the Hamiltonian operator of gravity with respect to the generated graph coherent
states. This will be investigated in future works.
c. Beyond the special loops:
The construction of graph coherent states presented in this article is tied to the graph change induced
by the Hamiltonian operators (6) and (7) with the special loop regularization. This particular graph
change allowed the decomposition of the Hilbert space Hvtx into stable separable subspaces, each with
a structure which mimics the one of a multi-dimensional quantum harmonic oscillator. The additional
tensorial structure at the vertices of a colored graph is manifest through the G tensors mappings and the
presence of infinitely many, but countable, vacuum states. However, this construction can in principle be
extended to other graph changes. The main property that a graph change should abide, in order to realize
the construction of graph coherent states, is to be able to induce a decomposition of the Hilbert space
into stable separable subspaces, such that each of them is isomorphic to a space of a multi-dimensional
quantum harmonic oscillator.
d. Graph coherent states & coarse graining:
In [40] the authors introduce new states called the loopy spin (SU(2)-colored) networks. These states
represent a coarse graining of the spin network states through enriching the tensorial structure at each
vertex with abstract closed loops attached to it. The structure of the space of such coarse states, in the
case of a bosonic statistics for the loops, is very similar to the structure of the spaces HΓAv defined above.
However, in our case the space is still the Hilbert space of the full quantum theory and the loops are
associated to the wedges of a graph. The canonical structure that we defined is, though similar, very
different from the one induced on the space of loopy spin networks. Hence the graph coherent states
that we introduced take the form of different basis states superposition, and carry an entirely different
interpretation than the one of a canonical coherent state on the space of loopy networks. Nevertheless,
the similarities between the structures of the spaces suggest that there is perhaps a possibility to join the
two frameworks in the direction of inducing a coarse grained dynamics for the loopy spin networks. This
is to be investigated in future works.
V. SUMMARY & OUTLOOKS
In this article, we introduced a new family of coherent states on the Hilbert space of a polymer
quantum theory of connections with an arbitrary compact gauge group G. These states take the form
of a superposition of basis network states with different graphs, hence the appellation graph coherent
states. Inspired from the quantum dynamics of Yang-Mills and gravity, the notion of a graph change
lies at the core of the construction. This one starts by introducing a consistent canonical structure on
the stable subspaces of the graph change, generating a Fock-like structure similar to that of a multi-
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dimensional quantum harmonic oscillator, but with additional degrees of freedom that are the G tensors
(or intertwiners on the gauge invariant space). The canonical structure consists of generalized canonical
annihilation and creation operators, which encode mappings between G tensors and a set of vacuum
states. The graph coherent states are then given as eigenvectors of the generalized annihilation operators.
A set of complete coherent states is not unique, as there is some freedom in the choice of the canonical
structure encoded in the choice of consistent mappings between G tensors.
In addition to the standard coherence with respect to the canonical operators, particular graph coherent
states can exhibit coherence properties with respect to operators inducing the specific graph change, such
as the ones involved in the Hamiltonian operators in Yang-Mills or gravity theories, but also with respect to
operators depending only on fluxes, when these describe a more global information concerning the graphs
(e.g. the operator in (34)). Taking into account the freedom in the choice of the canonical structure, one
could build graph coherent states more adapted to the operators that one would like to investigate. In
particular one could hope to gain more insight about the behavior of the quantum dynamics with graph
changing Hamiltonian operators, since the spectrum of such operators is yet inaccessible.
Finally, there are many avenues which can be explored in the context of those graph coherent states.
Namely, the possible link to a notion of coarse graining, e.g. the loopy spin networks [40]; the realization
of the construction for other graph changes; the derivation of an effective dynamics in a certain sector
captured by a subset of the graph coherent states; and a new perspective on the semi-classical limit and
the continuum limit. We leave these questions for future research.
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